Intrinsically interacting topological crystalline insulators and
  superconductors by Rasmussen, Alex & Lu, Yuan-Ming
Intrinsically interacting topological crystalline insulators and superconductors
Alex Rasmussen1 and Yuan-Ming Lu1
1Department of Physics, The Ohio State University, Columbus, OH 43210, USA
Motivated by recent progress in crystalline symmetry protected topological (SPT) phases of in-
teracting bosons, we study topological crystalline insulators/superconductors (TCIs) of strongly
interacting fermions. We construct a class of intrinsically interacting fermionic TCIs, and show that
they are beyond both free-fermion TCIs and bosonic crystalline SPT phases. We also show how these
phases can be characterized by symmetry protected gapless fermion modes on the corners/hinges of
an open system.
PACS numbers:
I. INTRODUCTION
The discovery of topological insulators (TIs)[1–3] and
their counterparts in interacting bosons, symmetry-
protected topological states (SPTs)[4, 5], revealed a large
class of topological phases with symmetry protected
topological boundary states despite a gapped trivial bulk.
While SPTs are well understood and classified by K-
theory[6–8] for free fermions and by group cohomology[4]
and cobordism[9] for interacting bosons, less is known
about a full classification of interacting fermion SPTs[10–
15]. In a system of interacting fermions, in addition to
free-fermion SPTs, it has been found that an even number
of fermions can also form a bosonic bound state which
in turn forms a bosonic SPT phase[16, 17]. This raises
a natural question: are there any interacting fermionic
SPTs, which cannot be realized by stacking free fermion
SPTs and bosonic SPTs? Recently it has been argued
based on braiding statistics that such intrinsically inter-
acting SPTs do exist[18, 19] in two and three dimensions,
although it is not clear how to realize them in concrete
lattice models of interacting fermions.
In this work, we explicitly construct a class of in-
trinsically interacting SPTs of fermions, protected by
both global (“onsite”) and crystalline symmetries. These
phases are coined topological crystallline insulators
(TCIs) and superconductors[20] in the context of TIs,
hence we will call them “intrinsically interacting TCIs”
(for both insulators and superconductors) throughout
this work. This work is inspired by recent progress in
classifying bosonic SPT phases with both onsite and
crystalline symmetries[21–29], which points to a dimen-
sional reduction scheme to construct interacting TCIs.
In particular, inspired by recent progress on higher-order
SPT phases[30–34], we show these intrinsically interact-
ing TCIs are characterized by robust fermion modes on
the corners/hinges of an open system, which serves as
a topological invariant differentiating these interacting
TCIs from free-fermion states and bosonic SPTs.
The paper is organized as follows. In Sec. II, we first
lay out the general strategy behind the decorated domain
wall construction for intrinsically interacting TCIs. Next
we explicitly construct 3 examples in two (2d) and three
(3d) dimensions in Sec. III-V, and establish that they
are neither free fermion nor bosonic SPTs. Finally we
discuss limitations of our current construction and future
directions in Sec. VI.
II. GENERAL STRATEGY
Before explicitly constructing the interacting TCIs, we
outline the general strategy for our construction, and gen-
erally argue why these interacting TCIs are beyond either
free-fermion TCIs or bosonic SPT phases.
First we review the logic to classify and construct
bosonic SPT phases with both onsite (G0) and crystalline
(Gc) symmetries[21, 22, 26–29]. All SPT phases pro-
tected by both onsite and crystalline symmetries can be
constructed by stacking lower-dimensional SPT phases
in a pattern that preserves the crystalline symmetry[23,
24, 26, 28, 29]. In this work we will focus on a simpler
case where the total symmetry group G = G0 × Gc is a
direct product of G0 and Gc. For this case, the group
cohomology classification of bosonic SPT phases can be
decomposed using the Künneth formula[4]
Hd+1(G∗c ×G0, U(1)) = Hd+1(G∗c , U(1))
⊕Hd+1(G∗c ,H1(G0,Z))⊕d
k=0Hk
(
G∗c ,Hd−k+1
(
G0, U(1)
))
. (1)
Each term Hk(G∗c ,Hd−k+1(G0, U(1))) provides a
roadmap to construct d-dimensional G-SPT phases
using (d− k)-dimensional G0-SPT phases. In particular,
not all (d− k)-dim. G0-SPT phases are compatible with
crystalline symmetry Gc[26]: only the compatible ones
are elements of cohomology Hk(G∗c ,Hd−k+1(G0, U(1))).
Moreover, each term of the Künneth expansion can
be physically realized using the decorated domain wall
picture [35], allowing an explicit construction.
To be concrete, we consider rotation symmetry Gc =
Cn for an example, where SPT phases classified by
H1(Cn,Hd(G0, U(1))) are constructed by stacking (d −
1)-dimensional G0-SPT phases on the Cn “domain walls”
as shown in Fig. 1,2. Since these G0-SPTs intersect at
the Cn rotation axis, the n copies of G0-SPT boundary
states must be symmetrically gapped out to ensure a triv-
ial gapped bulk. This requires n copies of the G0-SPT
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2phase to add up to a trivial phase, a condition captured
exactly by group cohomology H1(Cn,Hd(G0, U(1))).
Although fermion SPT phases are generally beyond the
description of group cohomology[10, 11, 15], the above di-
mensional reduction construction based on decorated do-
main wall picture remains valid. Take Cn symmetry for
example, instead of using lower-dimensional bosonic SPT
phases, we decorate each Cn domain wall by a (d − 1)-
dimensional fermion G0-SPT phase. In particular if the
free-fermion classification for symmetryG0 has an integer
classification, no free-fermion TCIs can be obtained by
decorating Cn domain walls since H1
(
Cn, CG0free ' Z
)
= 0.
However if interaction reduces the free-fermion integer
classification to a finite CG0int = Za, it is possible to gap out
the edge states at the rotation axis by interaction since
H1(Cn, CG0int ' Za) = Z(n,a), where (n, a) is the great-
est common divisor of integers n and a. If the fermion
G0-SPT phase on each Cn domain wall cannot be adi-
abatically tuned into a bosonic G0-SPT phase, we have
realized an intrinsically interacting TCI, which is beyond
free-fermion TCIs and bosonic SPT phases.
In the following, we will use this logic to construct
interacting fermionic TCIs in two (2d) and three (3d)
spatial dimensions. They include 3 examples: 2d and 3d
TCIs with C4 rotation symmetry, and 3d TCI with Th
point group symmetry.
III. 2ND-ORDER INTERACTING TCI IN d = 2
In the first example, we consider a two-dimensional
(2d) TCI of symmetry class AIII, preserving onsite sym-
metry
G0 = U(1)× ZT2 (2)
and point group Gc = C4 symmetry. This can be realized
either in a superconductor with U(1)Sz spin conservation
and time reversal T , a convention we adopt here, or in a
TI with an anti-unitary particle-hole symmetry T .
In our minimal model, there is a 4-dimensional Hilbert
space of spin-1/2 fermions {c〈ij〉,α|α =↑, ↓} on each
nearest-neighbor (NN) link 〈ij〉 of the square lattice. In
addition to U(1)Sz spin conservation, the time reversal
symmetry T is also preserved
c〈ij〉,α
T−→ αc〈ij〉,−α, α = ±1 for spin ↑ / ↓ (3)
Next we reorganize the Hilbert space by writing down a
different set of two fermion modes:
γi,j =
1√
2
[
c〈ij〉,↑ + (−1)i ic†〈ij〉,↓
]
, (4)
γj,i =
1√
2
[
c〈ij〉,↑ + (−1)j ic†〈ij〉,↓
] 6= γi,j (5)
where we defined sign factor (−1)i for each lattice site
(−1)i ≡ (−1)x+y, ~i = (x, y), x, y ∈ Z. (6)
Figure 1: 2nd-order 2d interacting TCI, with onsite symmetry
(2) and C4 rotation symmetry, constructed by stacking 1d
ν = 1 fermion TI in class AIII on each C4 domain wall. It is
characterized by a gapless (complex) fermion mode at each of
the 4 corners of an open system.
As shown in Fig. 1, we assign fermion γi,j to site i and
γj,i to site j. It’s straightforward to show they transform
under T differently depending on the sublattice:
γi,j
T−→ (−1)i iγ†i,j , (7)
e iθSˆzγi,je
− iθSˆz = e− i
θ
2 γi,j (8)
The following interacting Hamiltonian
Hˆ2dC4,AIII =
∑
i Hˆ(i), (9)
Hˆ(i) = U
∑4
j=1(γ
†
i,jγi,j − 12 )(γ†i,j+1γi,j+1 − 12 )
+J(iγ†i,1γi,2γ
†
i,3γi,4 + h.c.), U, J > 0
1 ≤ j ≤ 4 ∈ NN(i) as shown in Fig. 1.
can gap out all fermions symmetrically, resulting in a TCI
ground state. As illustrated in Fig. 1, this TCI features
a gapless fermion γj,i at each corner 1 ≤ j ≤ 4 of an open
system, protected by onsite symmetry (2).
First we show this is an interacting TCI that cannot
be realized by free fermion Hamiltonians. 1d free-fermion
TIs in class AIII have a ν ∈ Z classification, where the 0d
end state of ν = 1 TI is nothing but a complex fermion
mode γj,i in (5). When we compactify the open system to
achieve a closed system with periodic boundary condition
(PBC), the 4 gapless corner modes must be gapped out
symmetrically to recover a gapped bulk. However free-
fermion integer classification dictates that it’s impossible
to gap out these 4 copies of ν = 1 end state by any free-
fermion Hamiltonian. Therefore our model (9) is beyond
any free-fermion TCIs. As shown by Ref. ? , the 1d free-
fermion Z classification in class AIII is reduced to a Z4
classification for symmetry (2), enabling us to construct
model (9) to symmetrically gap out where 4 copies of
ν = 1 end state.
Next we show this interacting TCI is also beyond the
framework of bosonic SPT phases. As shown in Ref. 26,
2nd-order bosonic SPT phases with G = C4 × G0 in 2d
3Figure 2: 2nd-order 3d interacting TCI with onsite G0 =
U(1)charge×Zσz2 and C4 rotation symmetry. It is constructed
by decorating each C4 domain wall by a 2d fermionic TI with a
pair of helical edge states protected by G0 = U(1)charge×Zσz2
symmetry. It is characterized by helical hinge states on each
of the 4 hinges of an open system.
are classified by
Z22 = H1
(
C4 ' Z4,H2
(
G0, U(1)
))
= H1(C4 ' Z4,Z22)(10)
These 2nd-order SPT phases are constructed by deco-
rating each C4 domain wall with a 1d bosonic G0-SPT
phase, and their corner states are the end state of 1d
boson SPT phases. However the corner fermion mode
γj,i in (5) can never to realized at the end of a 1d boson
SPT phase, and therefore model (9) hosts an intrinsically
interacting TCI of fermions.
Lastly, we comment that this intreacting TCI remains
stable even if the onsite symmetry (2) is broken down to
a subgroup G0 = ZT2 with T 2 = +1, where each ν = 1 1d
TI in class AIII is now reduced to a ν = 2 1d topological
superconductor in class BDI.
IV. 2ND-ORDER INTERACTING TCI IN d = 3
Next we consider 3d TCI preserving Gc = C4 rota-
tional symmetry, and an onsite symmetry
G0 = U(1)charge × Zσz2 (11)
The building block of our intrinsically interacting TCI
is a ν = 1 2d fermion TI protected by onsite symmetry
(11), with a pair of helical edge modes of opposite Sz
quantum number s = ±1:
L0 =
∑
s−±1
ψ†s(i∂t − s · v∂x)ψs (12)
ψs
e iθQˆ−→ e− iθψ, ψs σz−→ s · ψs. (13)
It can be easily realized in e.g. Kane-Mele model[36]. The
above helical edge modes can be bosonized as
ψs ∼ ηse iφs , [φs1(x), φs2(y)] = is1piSgn(x− y)δs1,s2 (14)
where ηs are Klein factors and {φs} are chiral bosons.
As shown in Fig. 2, each of the four C4 “domain walls”
is decorated by such a 2d TI, where the four helical edge
modes {φas |1 ≤ a ≤ 4} intersect at the C4 rotation axis.
The symmetries are implemented as follows:
φas
e iθQˆ−→ φas − θ, (15)
φas
σz−→ φas +
1− s
2
pi, (16)
φas
C4−→ φa+1s . (17)
Next we construct a fully symmetric interacting Hamil-
tonian that gap out these 4 helical edge states on the C4
axis. First we consider
Hˆ1 = −V1
4∑
a=1
cos(φa+ + φ
a+2
+ − φa+2− − φa−) (18)
which already gaps out four chiral bosons, leaving the
gapless modes below
ϕa ≡ φa+ − φa− ∼ φa+2− − φa+2+ , a = 1, 2; (19)
θa ≡ φa+ − φa+2− ∼ φa− − φa+2+ , a = 1, 2. (20)
which transform under symmetries as(
ϕ1
θ1
)
C4−→
(
ϕ2
θ2
)
C4−→ −
(
ϕ1
θ1
)
. (21)
Therefore we can write down the following symmetric
Hamiltonian
Hˆint = Hˆ0 + Hˆ1 + Hˆ2, (22)
Hˆ2 = −V2
[
cos(ϕ1 + θ2) + cos(ϕ2 − θ1)
]
where Hˆ0 is a free-fermion lattice model realizing the
Kane-Mele model on each C4 domain wall. Hˆint sym-
metrically gaps out all the helical edge modes on the C4
axis, leading to a TCI ground state. Meanwhile notice
that this is a 2nd-order fermion SPT phase character-
ized by 4 gapless ν = 1 helical hinge modes in an open
system, which are robust against any weak symmetric
perturbations.
To see that this TCI cannot be realized by a free-
fermion Hamiltonian, we compactify the open system on
a three torus, where the 4 gapless hinge modes are joined
4together after compactification. Within free fermion
Hamiltonians, there is no way to symmetrically gap out
these 4 helical modes due to the ν ∈ Z classification of
free fermions with symmetry (11). However as shown
in Ref. 16, 37–39, interactions reduce the free-fermion Z
classification to a finite Z4 classification, allows 4 copies
of helical edge states to gap out while preserving symme-
try (11). This reveals why the ν = 1 2d TI with onsite
symmetry (11) is compatible with C4 rotational symme-
try to construct this interacting 2nd-order TCI in 3d.
Finally we show that this interacting TCI is not a
bosonic SPT phase. As shown in Ref. 26, 2nd-order 3d
bosonic SPT phases with symmetry group G = C4 ×G0
are classified by
Z22 = H1
(
C4,H3
(
G0, U(1)
))
= H1(Z4,Z× Z22) (23)
They are characterized by gapless 1d hinge states which
are edge modes of 2d bosonic G0-SPT phases. Since heli-
cal edge modes (12) cannot be realized in any 2d bosonic
SPT phases[16], the ground state of model (22) cannot be
a boson SPT phase. Therefore we have shown that model
(22) realizes an intrinsically interacting TCI of fermions.
V. 3RD-ORDER INTERACTING TCI IN d = 3
Lastly we consider 3d superconductors in symmetry
class BDI, with time reversal symmetry G0 = ZT2 satis-
fying T 2 = +1. Below we construct an intrinsically in-
teracting TCI with both time reversal and pyritohedral
point group symmetry Gc = Th.
We consider a lattice model of spinless fermions, where
one single fermion mode c〈i,j〉 lives at the center of each
nearest-neighbor (NN) link 〈i, j〉 of the body-centered cu-
bic (BCC) lattice:
~i = i1(−1, 1, 1) + i2(1,−1, 1) + i3(1, 1,−1), i1,2,3 ∈ Z.
As shown in Fig. 3, the NN link centers form a cubic
lattice. The complex fermion on each NN link can be
represented by two Majorana fermions {χi,j} living on
the sites {i} of the BCC lattice (or centers of the cube in
Fig. 3):
c〈i,j〉 = (χi,j + iχj,i)/2, (24)
i1 + i2 + i3 = 0 mod 2, j1 + j2 + j3 = 1 mod 2.
where we have chosen i and χi,j to live on the even sublat-
tice, j and χj,i on the odd sublattice of the BCC lattice.
Under time reversal symmetry the fermions transform as
c〈i,j〉
T−→ c〈i,j〉, χi,j T−→ (−1)iχi,j (25)
where we defined sign (−1)i ≡ (−1)i1+i2+i3 for each site
i. The point group Th is generated by 3-fold rotation R3,
2-fold rotation Rx and inversion I:
(x, y, z)
R3−→ (y, z, x), (26)
(x, y, z)
Rx−→ (x,−y,−z), (27)
(x, y, z)
I−→ (−x,−y,−z). (28)
Figure 3: 3rd-order interacting TCI with onsite ZT2 (T 2 =
+1) and pyritohedral point group symmetry Gc = Th. It is
constructed by stacking 1d ν = 1 Kitaev chain in class BDI on
the eight 3-fold rotation axes labeled by green and red lines,
and characterized by a single Majorana zero modes at each of
the eight corners on a cube-shaped open system.
In Fig. 3 we label the eight NNs of an even site i at the
cube center (also the inversion center) as 1 ≤ j ≤ 8, and
the 3-fold R3 axis crosses sites 1, 5 and cube center i.
The eight Majoranas {χi,j |1 ≤ j ≤ 8} living on site i
transform under inversion as
χi,a
I←→ χi,a+4, 1 ≤ a ≤ 4. (29)
In Fig. 3 we color 1 ≤ j ≤ 4 in red and 5 ≤ j ≤ 8
in green. Under 3-fold and 2-fold rotations the 4 red
Majoranas transform as
χi,1
R3−→ χi,1, χi,2 R3−→ χi,3 R3−→ χi,4 R3−→ χi,2, (30)
χi,1
Rx←→ χi,3, χi,2 Rx←→ χi,4. (31)
and similarly for the 4 green ones.
The fermion TCI is obtained by the following symmet-
ric interacting Hamiltonian
Hˆ3dTh,BDI =
∑
i Hˆ(i), (32)
Hˆ(i) = U(χi,1χi,2χi,3χi,4 + χi,5χi,6χi,7χi,8)
+J PˆUχi,1χi,5(χi,2χi,6 + χi,3χi,7 + χi,4χi,8)PˆU ,
PˆU ≡
∏
i
1−χi,1χi,2χi,3χi,4
2 · 1−χi,5χi,6χi,7χi,82 ,
U, J > 0, 1 ≤ j ≤ 8 ∈ NN(i) see Fig. 3.
When projected (by projector PˆU ) into the ground state
manifold χi,1χi,2χi,3χi,4 = χi,1χi,2χi,3χi,4 = −1 of the
U term, the J term is nothing but an antiferromagnetic
Heisenberg interaction between the effective spin-1/2 of
54 red Majoranas and the spin-1/2 of 4 green Majoranas.
Therefore Hamiltonian (32) has a unique gapped ground
state which preserves all symmetries.
Below we show this ground state of (32) is an intrin-
sically interacting TCI. First as illustrated in Fig. 3,
there will be a single Majorana zero mode (MZM) at
each corner of a cubic-shaped open system, which is ro-
bust against any perturbations. 3d bosonic G = ZT2 ×Th-
SPT phases with robust corner states classified in Ref. 26
using group cohomology formula
H2(T ∗h ,H2(ZT2 , U(1))) = Z32 (33)
They are constructed by decorating 3-fold and 2-fold ro-
tational axes by 1d ZT2 -protected Haldane chain, char-
acterized by a Kramers doublet (i.e. spin-1/2) at each
corner. Therefore our model (32) hosting Majorana cor-
ner modes is clearly beyond bosonic SPT phases.
Meanwhile as shown in (25), the 8 corner MZMs
{χa|1≤a≤8} of the open system are all even (or odd) un-
der time reversal symmetry T . Now let us glue the open
boundary of the finite cubic-shaped system into a closed
system with the periodic boundary conditions. In partic-
ular, the 8 MZMs must be gapped out symmetrically to
recover a gapped bulk.. However, any bilinear coupling
iχaχb is forbidden by time reversal symmetry. Therefore
it is impossible to recover a gapped bulk within the space
of free-fermion Hamiltonians, and we have proved by con-
tradiction that the ground state of model (32) cannot be
adiabatically connected to any free fermion Hamiltonian
without closing the gap.
Therefore model (32) realizes neither a free-fermion
TCI nor a bosonic SPT phase, but an intrinsically in-
teracting TCI of fermions. Pictorially, this interacting
TCI is constructed by decorating each of the 8 R3 axes
in Fig. 3 by a ν = 1 Kitaev chain[40] in symmetry
class BDI (with T 2 = +1). The 8 Kitaev chains ter-
minate and intersect at the inversion center i, giving rise
to 8 MZMs at each site i. As shown by Fidkowski and
Kitaev[41], interactions reduce the free-fermion integer
classification ν ∈ Z of 1d class BDI to a Z8 classification,
where 8 MZMs with time reversal symmetry (25) can be
gapped out symmetrically. This is exactly what model
(32) achieved.
VI. DISCUSSIONS
To summarize, we provide a general construction for
intrinsically interacting TCIs of fermions, which are be-
yond the description of either free-fermion Hamiltonians
and interacting boson SPT phases. We use three explicit
examples in two and three dimensions to demonstrate
this construction, and show that these interacting TCIs
are often characterized by robust fermion modes on cor-
ners/hinges of an open system.
Generally in a fermion system, the fermion symmetry
group Gf is an central extension of the physical sym-
metry group G by the fermion parity Zf2 ≡ {1, (−1)Fˆ },
i.e. Gf/Z
f
2 = G. In all 3 examples we presented, Gf has
a direct-product form:
Gf = G× Zf2 = G0 ×Gc × Zf2 . (34)
However this is not always the case for a generic TCI in
the decorated domain wall construction. For example in
Fig. 1, once we replace the ν = 1 TCI in class AIII on
each C4 domain wall by a 1d Kitaev chain, it is impossible
to gap out the 4 MZMs at C4 center if (C4)4 = 1, since the
C4 operation will change the total fermion parity of the
4 MZMs. Meanwhile, a nontrivial extension by fermion
parity (C4)4 = (−1)Fˆ is compatible with a gapped bulk.
Though not discussed in our work, such a nontrivial in-
terplay between onsite and crystalline symmetries can be
important to understand a full classification of fermonic
SPT phases with both onsite and crystalline symmetries.
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